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GORENSTEIN DEFECT CATEGORIES OF TRIANGULAR MATRIX
ALGEBRAS
MING LU
Abstract. We apply the technique of recollement to study the Gorenstein defect categories of
triangular matrix algebras. First, we construct a left recollement of Gorenstein defect categories
for a triangular matrix algebra under some conditions, using it, we give a categorical interpre-
tation of the Gorenstein properties of the triangular matrix algebra obtained by X-W. Chen, B.
L. Xiong and P. Zhang respectively. Second, under some additional conditions, a recollement of
Gorenstein defect categories for a triangular matrix algebra is constructed. As an application,
for a special kind of triangular matrix algebras, which are called simple gluing algebras, we
describe their singularity categories and Gorenstein defect categories.
1. Introduction
In the study of B-branes on Landau-Ginzburg models in the framework of Homological Mirror
Symmetry Conjecture, D. Orlov rediscovered the notion of singularity categories [27, 28, 29].
The singularity category of an algebra A is defined to be the Verdier quotient of the bounded
derived category with respect to the thick subcategory formed by complexes isomorphic to those
consisting of finitely generated projective modules, [7]. It measures the homological singularity of
an algebra in the sense that an algebra A has finite global dimension if and only if its singularity
category vanishes.
The singularity category captures the stable homological features of an algebra [7]. A fun-
damental result of R. Buchweitz [7] and D. Happel [18] states that for a Gorenstein algebra A,
the singularity category is triangle equivalent to the stable category of Gorenstein projective
(also called (maximal) Cohen-Macaulay) A-modules. Buchweitz’s Theorem ([7, Theorem 4.4.1])
says that there is an exact embedding Φ : GprojA → Dsg(A) given by Φ(M) = M , where the
second M is the corresponding stalk complex at degree 0, and Φ is an equivalence if and only
if A is Gorenstein. Recently, to provide a categorical characterization of Gorenstein algebras,
P. A. Bergh, D. A. Jørgensen and S. Oppermann [6] defined the Gorenstein defect category
Ddef (A) := Dsg(A)/ ImΦ and proved that A is Gorenstein if and only if Ddef (A) = 0. In
general, it is difficult to describe the singularity categories and Gorenstein defect categories.
Many people are trying to describe these categories for some special kinds of algebras, see e.g.
[10, 11, 12, 20, 9, 13]. In particular, for a CM-finite algebra A, F. Kong and P. Zhang [23]
proved that its Gorenstein defect category is equivalent to the singularity category of its Cohen-
Macaulay Auslander algebra. Recently, X-W. Chen [12] described the singularity category and
Gorenstein defect category for a quadratic monomial algebra. For a triangular matrix algebra
Λ =
(
A M
0 B
)
with bimodule AMB , X-W. Chen [10], B. L. Xiong and P. Zhang [33] obtained
sufficient and necessary conditions for Λ to be a Gorenstein algebra.
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In this paper, we mainly consider the Gorenstein defect category of a triangular matrix algebra
by using the technique of recollement. A recollement of triangulated categories is a diagram
D′
i∗ // D
i!
oo
i∗oo
j∗
// D′′
j∗
oo
j!oo
of triangulated categories and functors satisfying various conditions, which describes the mid-
dle term as being “glued together” from a triangulated subcategory and another one. The
recollement setup was first introduced by A. Beilinson, J. Bernstein and P. Deligne in [4],
which plays an important role in algebraic geometry and representation theory, see for instance
[26, 14, 15, 19, 22, 35]. Another interesting structure is the left recollement, which is a part of
recollement involving only the functors i∗, i∗, j!, j
∗, see e.g. [35].
It is well known that for a triangular matrix algebra Λ =
(
A M
0 B
)
, Db(Λ) admits a
recollement relative to Db(A) and Db(B) if proj.dimMB < ∞, see e.g. [8]. P. Zhang proved
that if Λ is Gorenstein and AM is projective, then GprojΛ admits a recollement relative to
GprojA and GprojB. The author together with P. Liu [25] generalized this to consider the
singularity categories, proved that Dsg(Λ) admits a recollement relative to Dsg(A) and Dsg(B) if
proj.dimAM <∞ and proj.dimMB <∞ for any Artin rings A and B. In [25], the machinery of
localization to the three categories in a recollement is introduced, and some sufficient conditions
for the quotient categories to form a new recollement are found. We refer the reader to [24] for
localization theory of triangulated categories.
The aim of the present article is to study the Gorenstein defect categories for triangular ma-
trix algebra Λ. Let Λ =
(
A M
0 B
)
be a triangular matrix algebra with proj.dimMB < ∞.
First, if proj.dimAM < ∞ or inj.dimAM < ∞, then we have a left recollement of Ddef (Λ)
relative to Ddef (A) and Ddef (B), see Proposition 3.6. If additionally A (resp. B) is Goren-
stein, then Ddef (Λ) is triangle equivalent to Ddef (B) (resp. Ddef (A)), see Theorem 3.8. This
gives a categorical interpretation of the suffiecient and necessary conditions for Λ to be a
Gorenstein algebras in [10, 33], see Corollary 3.9. Second, we construct a recollement for
the Gorenstein defect category Ddef (Λ) under some conditions, explicitly, if AM is projec-
tive and MB has finite projective dimension, and HomA(M,A) ∈ (GprojB)
⊥, or in partic-
ular either proj.dimB HomA(M,P ) < ∞ or inj.dimB HomA(M,P ) < ∞ for every indecom-
posable projective A-module P , then Ddef (Λ) admits a recollement relative to Ddef (A) and
Ddef (B), see Theorem 3.12. As a corollary, Ddef (
(
A A
0 A
)
) admits a recollement relative
to Ddef (A) and Ddef (A), see Corollary 3.15. Finally, as an application, we consider a spe-
cial kind of triangular matrix algebras, which are called simple gluing algebras, and get that
Dsg(Λ) ≃ Dsg(A)
∐
Dsg(B) and Ddef (Λ) ≃ Ddef (A)
∐
Ddef (B), see Proposition 4.2 and Theo-
rem 4.4.
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2. preliminary
In this paper, we always assume that R is a commutative Artinian ring and all algebras are
Artin R-algebras and modules are considered to be finitely generated. We denote by modA
the category of finitely generated left A-modules. Right A-modules are viewed as left Aop-
modules, here Aop denotes the opposite algebra of A. In what follows, A-modules always mean
left A-modules.
We denote by D : modA→ modAop the duality functor HomR(−, E), where E is the minimal
injective cogenerator for R. Note that D is isomorphic to HomA(−,D(AA)), and D(AA) is an
injective cogenerator for modA. For an arbitrary A-module AX we denote by proj.dimAX
(resp. inj.dimAX) the projective dimension (resp. the injective dimension) of the module AX.
2.1. Recollements. We recall the definition of recollement for triangulated categories from [4].
Definition 2.1 ([4]). A recollement of triangulated categories is a diagram of triangulated cat-
egories and triangulated functors
D′
i∗=i! // D
i!
oo
i∗oo
j∗=j!
// D′′ (†)
j∗
oo
j!oo
satisfying
(R1) (i∗, i∗), (i∗, i
!), (j!, j
∗) and (j∗, j∗) are adjoint pairs;
(R2) i∗, j! and j∗ are full embeddings;
(R3) j∗i∗ = 0 (and hence, by adjoint properties, i
∗j! = 0 and i
!j∗ = 0);
(R4) Each object X in D determines distinguished triangles
i!i
!X → X → j∗j
∗X → · and j!j
!X → X → i∗i
∗X → ·
in D, where the arrows to and from X are counit and unit morphisms.
Parallel to the recollement of triangulated categories, recollement of abelian categories can be
dated back to [4] in the construction of the category of perverse sheaves on a singular space,
we refer to [17] for its definition and basic properties. Let D,D′,D′′ be abelian categories. The
diagram (†) of additive functors is an abelian category recollement of D relative to D′ and D′′,
if (R1), (R2) and (R5) are satisfied, where
(R5) Im i∗ = ker j
∗.
The following theorem is useful to construct recollements of quotient categories.
Theorem 2.2 ([25]). Let
D′
i∗ // D
i!
oo
i∗oo
j∗
// D′′
j∗
oo
j!oo
be a recollement of triangulated categories and T be a thick subcategory of D. Let T1 = i
∗T and
T2 = j
∗T . If i∗i
∗T ⊆ T and j∗j
∗T ⊆ T , then there exists a recollement of localizations
D′/T1
i˜∗ // D/T
i˜!
oo
i˜∗oo
j˜∗
// D′′/T2.
j˜∗
oo
j˜!oo
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A left recollement of a triangulated category D relative to triangulated categories D′ and D′′
is a diagram of exact functors consisting of the upper two rows of (†), satisfying all conditions
which involve only the functors i∗, i∗, j!, j
∗.
Similar to the proof of Theorem 2.2 in [25], we get the following result about the left recolle-
ment of localizations.
Lemma 2.3. Let
D′
i∗ // D
i∗oo
j∗
// D′′
j!oo
be a left recollement of triangulated categories and T be a thick subcategory of D. Let T1 = i
∗T
and T2 = j
∗T . If i∗i
∗T ⊆ T , then there exists a left recollement of localizations
D′/T1
i˜∗ // D/T
i˜∗oo
j˜∗
// D′′/T2.
j˜!oo
2.2. Gorenstein projective modules and Gorenstein algebras. Let A be an Artin algebra.
A complex
P • : · · · → P−1 → P 0
d0
−→ P 1 → · · ·
of finitely generated projective A-modules is said to be totally acyclic provided it is acyclic
and the Hom complex HomA(P
•, A) is also acyclic [3]. An A-module M is said to be (finitely
generated) Gorenstein projective provided that there is a totally acyclic complex P • of projective
A-modules such that M ∼= Ker d0 [16]. We denote by GprojA the full subcategory of modA
consisting of Gorenstein projective modules.
Let X be a subcategory of modA. Then ⊥X := {M |ExtiA(M,X) = 0, for all X ∈ X , i ≥ 1}.
Dually, we can define X⊥. In particular, we define ⊥A :=⊥ (projA).
The following lemma follows directly from the definition of Gorenstein projective modules.
Lemma 2.4. Let A be an Artin algebra. Then
(a) [5]
Gproj(A) = {M ∈ modA|there is an exact sequence 0→M → T 0
d0
−→ T 1
d1
−→ · · · ,
with T i ∈ projA, ker di ∈ ⊥A,∀i ≥ 0}.
In particular, ker di ∈ Gproj(A) for each i ≥ 0.
(b) If M is Gorenstein projective, then ExtiA(M,L) = 0, ∀i > 0, for all L of finite projective
dimension or of finite injective dimension.
(c) If P • is a totally acyclic complex, then all Im di are Gorenstein projective; and any trun-
cations
· · · → P i → Im di → 0, 0→ Im di → P i+1 → · · ·
and
0→ Im di → P i+1 → · · · → P j → Im dj → 0, i < j
are HomA(−,projA)-exact.
For a module X, take a short exact sequence
0→ ΩX → P → X → 0
with P projective. The module ΩX is called a syzygy module of X. Obviously, if X is Gorenstein
projective, then so is ΩX.
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Let T be the smallest subcategory of modA containing all modules of finite projective dimen-
sion or of finite injective dimension and closed under direct summands and extensions. From
Lemma 2.4 (b), it is easy to see that T ⊆ (GprojA)⊥.
Definition 2.5 ([18], see also [1, 2]). An Artin algebra A is called a Gorenstein algebra (or
Iwanaga-Gorenstein algebra) if A satisfies inj.dimAA < ∞ and inj.dimAA < ∞. Given an
A-module X. If ExtiA(X,A) = 0 for all i > 0, then X is called a (maximal) Cohen-Macaulay
module of A.
Observe that for a Gorenstein algebra A, we have inj.dimAA = inj.dimAA, see [18, Lemma
6.9]; the common value is denoted by GdA. If GdA ≤ d, we say that A is d-Gorenstein.
Theorem 2.6 ([7, 16]). Let A be a Gorenstein algebra. Then
(a) If P • is an exact sequence of projective left A-modules, then HomA(P
•, A) is again an
exact sequence of projective right A-modules.
(b) A module G is Gorenstein projective if and only if there is an exact sequence 0 → G →
P 0 → P 1 → · · · with each P i projective.
(c) GprojA = ⊥A.
So for a Gorenstein algebra, the definition of Cohen-Macaulay module coincides with the one
of Gorenstein projective.
Recall that for an algebra A, its singularity category is the quotient category Dsg(A) :=
Db(A)/Kb(projA), which is defined by Buchweitz [7], see also [18, 27].
Theorem 2.7 (Buchweitz’s Theorem, see also [21] for a more general version). Let A be an Artin
algebra. Then Gproj(A) is a Frobenius category with the projective modules as the projective-
injective objects, and there is an exact embedding Φ : GprojA → Dsg(A) given by Φ(M) = M ,
where the second M is the corresponding stalk complex at degree 0, and Φ is an equivalence if
and only if A is Gorenstein.
Let A be an Artin algebra. Inspired by Buchweitz’s Theorem, the Gorenstein defect category
is defined to be Verdier quotient Ddef (A) := Dsg(A)/ Im(Φ), see [6]. From [23], we know that
Ddef (A) is triangle equivalent to D
b(A)/〈Gproj(A)〉, where 〈Gproj(A)〉 denotes the triangulated
subcategory of Db(A) generated by Gproj(A), i.e., the smallest triangulated subcategory of
Db(A) containing Gproj(A).
Lemma 2.8 ([6, 23]). Let A be an Artin algebra. Then the following are equivalent.
(a) A is Gorenstein;
(b) Gproj(A) is triangle equivalent to Dsg(A);
(c) Ddef (A) = 0;
(d) Db(A) = 〈Gproj(A)〉.
3. Gorenstein defect categories
Let A and B be two Artin algebras, AMB an A-B-bimodule, and Λ =
(
A M
0 B
)
. Let
G = M ⊗B − and F be its right adjoint functor HomA(M,−). We denote by αX,Y the adjoint
isomorphism
αX,Y : HomA(G(Y ),X)→ HomB(Y, F (X)),
and ψX = α
−1
X,F (X)(idF (X)) for any X ∈ modA.
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A left Λ-module is identified with a triple
(
X
Y
)
φ
, where X ∈ modA, Y ∈ modB, and
φ : M ⊗B Y → X is a morphism of A-modules. A morphism
(
X
Y
)
φ
→
(
X ′
Y ′
)
φ′
is a
pair
(
f
g
)
, where f ∈ HomA(X,X
′), g ∈ HomB(Y, Y
′), such that φ′(idM ⊗g) = fφ. So
ker(
(
f
g
)
) =
(
ker(f)
ker(g)
)
ψ
for some induced (unique) morphism ψ : G(ker(g)) → ker(f).
In particular,
(
f
g
)
is injective if and only if f and g are injective. Similarly, we get that
Im(
(
f
g
)
) =
(
Im(f)
Im(g)
)
ψ′
for some induced (unique) morphism ψ′ : G(Im(g)) → Im(f) since
G is right exact, and
(
f
g
)
is surjective if and only if f and g are surjective.
Note that
(
P
0
)
and
(
G(Q)
Q
)
id
are precisely the indecomposable projective modules,
where P and Q are indecomposable projective as A-module and B-module respectively. Dually,(
J
F (J)
)
ψJ
and
(
0
I
)
id
are precisely the indecomposable injective modules, where J and I
are indecomposable injective as A-module and B-module respectively. We refer the reader to
[30, 35] for the statements here.
Theorem 3.1 ([30, 35]). Let A and B be Artin algebras, AMB an A-B-bimodule, and Λ =(
A M
0 B
)
. Denote by G =M ⊗B −. We have the following recollement of abelian categories:
modA
i∗ // modΛ
i!
oo
i∗oo
j∗
// modB,
j∗
oo
j!oo
where i∗ is given by
(
X
Y
)
φ
7→ coker(φ); i∗ is given by X 7→
(
X
0
)
; i! is given by
(
X
Y
)
φ
7→
X; j! is given by Y 7→
(
G(Y )
Y
)
id
; j∗ is given by
(
X
Y
)
φ
7→ Y ; j∗ is given by Y 7→
(
0
Y
)
.
Note that the functors i∗, i
!, j∗, j∗ defined above are exact and the functors i
∗, i∗, j!, j
∗ preserve
projective modules.
Lemma 3.2. Keep the notations as above. Then
(a) i! admits a right adjoint functor i? : modA→ modΛ given by X 7→
(
X
F (X)
)
ψX
, where
ψX = α
−1
X,F (X)(idF (X));
(b) j∗ admits a right adjoint functor j? : modΛ→ modB given by
(
X
Y
)
φ
7→ ker(αX,Y (φ)).
Proof. (a) Let
(
X
Y
)
φ
∈ modΛ andX ′ ∈ modA. For any morphism f in HomA(i
!(
(
X
Y
)
φ
),X ′) =
HomA(X,X
′), by the naturality of the adjoint pair (G,F ), we get the following commutative
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diagram
G(Y )
G(F (f)αX,Y (φ))
//
φ

GF (X ′)
ψX′

X
f
// X ′.
So
(
f
F (f)αX,Y (φ)
)
:
(
X
Y
)
φ
→
(
X ′
F (X ′)
)
ψX′
is a Λ-morphism. Define
β
X′,
(
X
Y
)
φ
: HomA(i
!(
(
X
Y
)
φ
),X ′)→ HomΛ(
(
X
Y
)
φ
, i?(X
′))
by mapping f to
(
f
F (f)αX,Y (φ)
)
for any f ∈ HomA(i
!(
(
X
Y
)
φ
),X ′) = HomA(X,X
′). Ob-
viously, it is well-defined, and injective. Conversely, it is easy to see that any morphism in
HomΛ(
(
X
Y
)
φ
, i?(X
′)) is of form
(
f
F (f)αX,Y (φ)
)
for some (unique) morphism f : X → X ′.
So β
X′,
(
X
Y
)
φ
is surjective. From the naturality of the adjoint pair (G,F ), it is routine to
check that this isomoprhism β
X′,
(
X
Y
)
φ
is natural, and then (i!, i?) is an adjoint pair.
The proof of (b) is similar to that of (a), we omit it here. 
Lemma 3.3 (see e.g. [11]). Let F1 : A → B be an exact functor between abelian categories
which has an exact right adjoint F2. Then the pair (D
b(F1),D
b(F2)) is adjoint, where D
b(F1)
is the induced functor from Db(A) to Db(B) (Db(F2) is defined similarly). Moreover, if F1 is
fully faithful, then so is Db(F1).
The following well-known result is very helpful.
Theorem 3.4 (see e.g. [8]). Let A and B be two Artin algebras, AMB an A-B-bimodule and
Λ =
(
A M
0 B
)
. If M as a right module has finite projective dimension, then we have the
following recollement:
Db(A)
Db(i∗)// Db(Λ)
Db(i!)
oo
L(i∗)
oo
Db(j∗)
// Db(B)
Db(j∗)
oo
L(j!)oo
where L(i∗),Db(i∗),D
b(i!),L(j!),D
b(j∗),Db(j∗) are the derived functors of these in Theorem 3.1.
Note that the recollement in Theorem 3.4 is exactly the derived version of the recollement
in Theorem 3.1. For convenience, we also use i∗, i∗, i
!, j!, j
∗, j∗ to denote their derived functors
respectively if there is no confusion.
Lemma 3.5 ([35]). Let A and B be two Artin algebras, AMB an A-B-bimodule with proj.dimMB <
∞ and Λ =
(
A M
0 B
)
. If proj.dimAM <∞ or inj.dimAM <∞, then the Λ-module
(
X
Y
)
φ
is Gorenstein projective if and only if Y is Gorenstein projective, φ is injective, and coker(φ) is
Gorenstein projective.
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Proposition 3.6. Let A and B be two Artin algebras, AMB an A-B-bimodule with proj.dimMB <
∞ and Λ =
(
A M
0 B
)
. If proj.dimAM <∞ or inj.dimAM <∞, then we have the following
left recollement:
Ddef (A)
i˜∗ // Ddef (Λ)
i˜∗oo
j˜∗
// Ddef (B)
j˜!oo
where i˜∗, i˜∗, j˜! and j˜
∗ are induced by the six structure functors in Theorem 3.4.
Proof. We apply Lemma 2.3 to prove it.
First, in combination with the definition of the functors in Theorem 3.1, from Lemma 3.5, we
get that i∗(Gproj(A)) ⊆ Gproj(Λ), i
∗(Gproj(Λ)) ⊆ Gproj(A), j∗(Gproj(Λ)) ⊆ Gproj(B) and
j!(Gproj(B)) ⊆ Gproj(Λ). In particular, i∗i
∗(Gproj(Λ)) ⊆ Gproj(Λ). Since i∗i∗ ≃ id, we get
that i∗(Gproj(Λ)) ≃ Gproj(A); since j∗j! ≃ id, we get that j
∗(Gproj(Λ)) ≃ Gproj(B).
Since i∗ and j
∗ are exact functors, it is easy to see that Db(i∗)(〈Gproj(A)〉) ⊆ 〈Gproj(Λ)〉 and
Db(j∗)(〈Gproj(Λ)) ≃ 〈Gproj(B)〉.
We claim that the restriction of i∗ to Gproj(Λ) and the restriction of j! to Gproj(B) are
exact. For any exact sequence 0 → Y1 → Y2 → Y3 → 0 in Gproj(B), since proj.dimMB < ∞
we get that inj.dimB D(M) < ∞ and then DTor
B
1 (M,Y3) = Ext
1
B(Y3,D(M)) ≃ 0, so 0 →
G(Y1) → G(Y2) → G(Y3) → 0 is exact, which implies that the restriction of G to Gproj(B) is
exact. From the definition of j!, it is easy to see that the restriction of j! to Gproj(B) is exact,
which implies that for any Gorenstein projective B-module Y , L(j!)(Y ) ∼= j!(Y ) in D
b(Λ).
So L(j!)(Gproj(B)) = j!(Gproj(B)) ⊆ Gproj(Λ). Then L(j!)(〈Gproj(B)〉) ⊆ 〈Gproj(Λ)〉 since
L(j!)(Gproj(B)) ⊆ Gproj(Λ).
Lemma 3.5 shows that for any Gorenstein projective Λ-module
(
X
Y
)
φ
, φ : G(Y ) → X is
injective, which implies that the restriction of i∗ to Gproj(Λ) is exact. Similar to the above,
we get that L(i∗)(〈Gproj(Λ)〉) ≃ 〈Gproj(A)〉 since i∗(Gproj(Λ)) ≃ Gproj(A). Together with
Db(i∗)(〈Gproj(A)〉) ⊆ 〈Gproj(Λ)〉, we get that D
b(i∗)L(i
∗)(〈Gproj(Λ)〉) ⊆ 〈Gproj(Λ)〉.
By the definition of Gorenstein defect category, Lemma 2.3 yields that there is a left recolle-
ment of Gorenstein defect categories
Ddef (A)
i˜∗ // Ddef (Λ)
i˜∗oo
j˜∗
// Ddef (B).
j˜!oo

Example 3.7. If neither proj.dimAM <∞ nor inj.dimAM <∞, then Proposition 3.6 is not
true in general.
Let K be a field, QΛ be the quiver 1
α
((
2
β
hh 3
γ
oo , and Λ = KQΛ/IΛ, where IΛ is generated
by αβ, βα, βγ. Let ei be the idempotent corresponding to the vertex i. Set e = e1 + e2 and
A = eΛe. Then Λ =
(
A M
0 B
)
with B = K, so proj.dimMB = 0. It is easy to see that
neither proj.dimAM <∞ nor inj.dimAM <∞.
From [12], we know that Λ is CM-free, i.e. Gproj(Λ) = proj Λ, then Ddef (Λ) = Dsg(Λ)
which is not zero since Λ is not Gorenstein. However, A and B are self-injective, so Ddef (A) =
Ddef (B) = 0. Therefore, there is not any left recollement of Ddef (Λ) relative to Ddef (A) and
Ddef (B).
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Theorem 3.8. Let A, B be two Artin algebras, M an A-B-bimodule and Λ =
(
A M
0 B
)
. If
proj.dimMB <∞ and proj.dimAM <∞ or inj.dimAM <∞, then
(a) If B is a Gorenstein algebra, then Ddef (Λ) ≃ Ddef (A).
(b) If A is a Gorenstein algebra, then Ddef (Λ) ≃ Ddef (B).
Proof. Proposition 3.6 implies that i˜∗ and j˜! are full embeddings, and for any Z ∈ Ddef (Λ),
there is a triangle in Ddef (Λ):
j˜!j˜
∗Z → Z → i˜∗ i˜
∗Z → j˜!j˜
∗Z[1].
We only need to prove (a) since (b) is similar.
If B is a Gorenstein algebra, then Ddef (B) = 0, and so j˜
∗Z = 0 for any Z ∈ Ddef (Λ). In
combination with the above triangle, we get that Z ∼= i˜∗ i˜
∗Z in Ddef (Λ), and then Z ∈ Im i˜∗,
which means that i˜∗ is dense. Therefore, i˜∗ : Ddef (A)→ Ddef (Λ) is an equivalence. 
Corollary 3.9 ([10, 33]). Let A, B be two Artin algebras, M an A-B-bimodule and Λ =(
A M
0 B
)
. If proj.dimMB < ∞ and proj.dimAM < ∞ or inj.dimAM < ∞, then Λ is
Gorenstein if and only if A and B are Gorenstein.
Proof. If Λ is Gorenstein, then Ddef (Λ) = 0. Since i˜∗ and j˜! are full embeddings, we get that
Ddef (A) = 0 = Ddef (B), which implies that A and B are Gorenstein algebras.
If A and B are Gorenstein, then it follows from Theorem 3.8 that Ddef (Λ) = 0 and so Λ is
Gorenstein. 
Let A1 and A2 be Artin algebras, and F1 : modA1 → modA2 be an additive functor. For
any X ∈ modA1, we call that X has the property (∗) relative to F1 if X satisfies that · · ·
F1(d2)
−−−−→
F1(P1)
F1(d1)
−−−−→ F1(P0) → F1(X) → 0 is a projective resolution of F1(X) for any projective
resolution · · ·
d2−→ P1
d1−→ P0 → X → 0 of X.
Lemma 3.10. Let A1 and A2 be Artin algebras, and F1 : modA1 → modA2 be a functor with
the property that it preserves projective objects and admits a right adjoint functor F2. For any
X ∈ modA1, if X has the property (∗) relative to F1, then Ext
k
A2
(F1(X), Y ) ∼= Ext
k
A1
(X,F2(Y ))
for any Y ∈ modA2 and k ≥ 1.
Proof. We denote by Xi the kernel of di for any i > 0. Then 0→ X1 → P0 → X → 0 is a short
exact sequence. For any Y ∈ modA2, we have a long exact sequence
0→ HomA1(X,F2(Y ))→ HomA1(P0, F2(Y ))→ HomA1(X1, F2(Y ))→ Ext
1
A1
(X,F2(Y ))→ 0.
From the assumption, we get that 0 → F1(X1) → F1(P0) → F1(X) → 0 is also exact with
F1(P0) projective. So we have a long exact sequence
0→ HomA2(F1(X), Y )→ HomA2(F1(P0), Y )→ HomA2(F1(X1), Y )→ Ext
1
A2
(F1(X), Y )→ 0.
From the naturality of the adjoint pair (F1, F2) we get that Ext
1
A2
(F1(X), Y ) ∼= Ext
1
A1
(X,F2(Y ))
for any Y ∈ modA2.
For k > 1, it is easy to see that ExtkA1(X,F2(Y ))
∼= Extk−1A1 (X1, F2(Y )), and Ext
k
A2
(F1(X), Y ) ∼=
Extk−1A2 (F1(X1), Y ). Since Xi has the property (∗) relative to F1 for each i, inductively, we get
Extk−1A1 (X1, F2(Y ))
∼= Extk−1A2 (F1(X1), Y ),
which implies that ExtkA1(X,F2(Y ))
∼= ExtkA2(F1(X), Y ). 
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Lemma 3.11. Let A1 and A2 be Artin algebras, and F1 : modA1 → modA2 be a functor with
the property that it preserves projective objects and admits a right adjoint functor F2.
(a) If F1 satisfies the following two conditions,
(i) ExtkA1(X,F2(Q)) = 0 for any projective A2-module Q, any Gorenstein projective A1-
module X and any k > 0;
(ii) for any X1 ∈ Gproj(A1) and short exact sequence 0 → X2 → P → X1 → 0 in modA1
with P projective, we have that 0→ F1(X2)→ F1(P )→ F1(X1)→ 0 is also exact,
then F1(Gproj(A1)) ⊆ Gproj(A2).
(b) If F1 is exact or its restriction to Gproj(A1) is exact, and proj.dimF2(Q) < ∞ or
inj.dimF2(Q) < ∞ for any indecomposable projective A2-module Q, then F1(Gproj(A1)) ⊆
Gproj(A2).
Proof. (a) For any X ∈ Gproj(A1), let 0 → X2 → P → X → 0 be a short exact sequence with
P projective. Then X2 is a Gorenstein projective module. From the assumption, we have that
0 → F1(X2) → F1(P ) → F1(X) → 0 is also exact and F1(P ) is projective. Then X satisfies
the property (∗) relative to F1. So for any projective A2-module Q and Gorenstein A1-module
X, Lemma 3.10 shows that ExtkA2(F1(X), Q)
∼= ExtkA1(X,F2(Q)) = 0 for any k > 0. Since X is
Gorenstein projective, Lemma 2.4 (a) shows that there is an exact sequence
0→ X → P0
d0−→ P1
d1−→ P2
d2−→ · · ·
with Pi ∈ projA1, ker di ∈
⊥A1, for any i ≥ 0. In particular, ker di ∈ Gproj(A1). From above,
we get that F1(ker di) ∈
⊥A2. By the assumption,
0→ F1(X)→ F1(P0)
F1(d0)
−−−−→ F1(P1)
F1(d1)
−−−−→ F1(P2)
F1(d2)
−−−−→ · · ·
is exact with ker(F1(di)) = F1(ker di) ∈
⊥A2. So F1(X) ∈ Gproj(A2) by Lemma 2.4 (a).
(b) If F1 is exact or its restriction to Gproj(A1) is exact, and proj.dimF2(Q) < ∞ or
inj.dimF2(Q) < ∞ for any indecomposable projective A2-module Q, it is easy to see that F1
satisfies the conditions stated in (a) by Lemma 2.4 (b), which yields the result immediately. 
Theorem 3.12. Let A and B be Artin algebras, AMB an A-B-bimodule such that M as a left A-
module projective and as a right B-module has finite projective dimension, and Λ =
(
A M
0 B
)
.
If HomA(M,A) ∈ (GprojB)
⊥, then Ddef (Λ) admits a recollement relative to Ddef (A) and
Ddef (B). In particular, if proj.dimB HomA(M,P ) < ∞ or inj.dimB HomA(M,P ) < ∞ for
every indecomposable projective A-module P , then Ddef (Λ) admits a recollement relative to
Ddef (A) and Ddef (B).
Proof. We prove it by applying Theorem 2.2 to Theorem 3.4.
Since AM is projective, it is easy to see that i
! preserves projectives. Lemma 3.2 shows
that i! admits a right adjoint functor i? : modA → modΛ and i?(P ) 7→
(
P
F (P )
)
ψP
, where
ψP = α
−1
P,F (P )(idF (P )) for any indecomposable projective A-module P . Obviously, there is a
short exact sequence
(1) 0→
(
P
0
)
→
(
P
F (P )
)
ψP
→
(
0
F (P )
)
→ 0.
For any Gorenstein projective Λ-module
(
X
Y
)
φ
, in combination with Lemma 3.5, we know
that φ is monic, Y is Gorenstein projective B-module, and coker(φ) is a Gorenstein projective
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A-module. So there is a short exact sequence in Gproj(Λ):
(2) 0→
(
G(Y )
Y
)
id
→
(
X
Y
)
φ
→
(
coker(φ)
0
)
→ 0.
Since i∗ is exact and preserves projectives, we get that coker(φ) has the property (∗) relative to
i∗. Then Lemma 3.10 yields that
ExtkΛ(
(
coker(φ)
0
)
,
(
0
F (P )
)
) = ExtkΛ(i∗(coker(φ)),
(
0
F (P )
)
)
∼= ExtkA(coker(φ), i
!(
(
0
F (P )
)
)) = 0, for any k > 0,
since i!(
(
0
F (P )
)
) = 0. Similarly, from the proof of Proposition 3.6, we get that the restriction
of j! to Gproj(B) is exact and preserves projectives, so for any k > 0, Lemma 3.10 shows that
ExtkΛ(
(
G(Y )
Y
)
id
,
(
0
F (P )
)
) = ExtkΛ(j!(Y ),
(
0
F (P )
)
)
∼= ExtkB(Y, j
∗(
(
0
F (P )
)
))
∼= ExtkB(Y, F (P )),
which are all zero since Y is a Gorenstein projetive B-module and F (P ) ∈ (GprojB)⊥.
By applying HomΛ(−,
(
0
F (P )
)
) to the exact sequence (2), we get that
ExtkΛ(
(
X
Y
)
φ
,
(
0
F (P )
)
) = 0 for any k > 0.
Since
(
P
0
)
is projective and
(
X
Y
)
φ
is Gorenstein projective, ExtkΛ(
(
X
Y
)
φ
,
(
P
0
)
) = 0
for any k > 0. From them, by applying HomΛ(
(
X
Y
)
φ
,−) to the exact sequence (1), we get
that
ExtkΛ(
(
X
Y
)
φ
,
(
P
F (P )
)
ψP
) = 0 for any k > 0.
So Lemma 3.11 (a) yields that i!(Gproj(Λ)) ⊆ Gproj(A). In combination with i! is an exact
functor, we get that Db(i!)(〈Gproj(Λ)〉) ⊆ 〈Gproj(A)〉.
From the recollement in Theorem 3.4, for any Z ∈ Gproj(Λ), there is a triangle in Db(modΛ):
i∗i
!Z → Z → j∗j
∗Z → i∗i
!Z[1]. Together with i∗(Gproj(A)) ⊆ Gproj(Λ), we get that i∗i
!Z ∈
Gproj(Λ) by the above and then j∗j
∗Z ∈ 〈Gproj(Λ)〉. Furthermore,Db(j∗)D
b(j∗)(〈Gproj(Λ)〉) ⊆
〈Gproj(Λ)〉 since j∗, j∗ are exact functors. In combination with Proposition 3.6, we get that there
is a recollement of Gorenstein defect categories by applying Theorem 2.2 to the recollement in
Theorem 3.4:
Ddef (A)
i˜∗ // Ddef (Λ)
i˜!
oo
i˜∗oo
j˜∗
// Ddef (B).
j˜∗
oo
j˜!oo
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For the last statement, if proj.dimB HomA(M,P ) < ∞ or inj.dimB HomA(M,P ) < ∞ for
every indecomposable projective A-module P , then HomA(M,P ) ∈ (GprojB)
⊥ by Lemma 2.4
(b), which implies that HomA(M,A) ∈ (GprojB)
⊥, and the desired result follows immediately.

Corollary 3.13. Let A and B be Artin algebras, AMB a A-B-bimodule such that M as a left A-
module projective and as a right B-module has finite projective dimension, and Λ =
(
A M
0 B
)
.
If M ⊗B Y ∈
⊥A for any Gorenstein projective B-module Y , then Ddef (Λ) admits a recollement
relative to Ddef (A) and Ddef (B).
Proof. Since AM is projective, we get that the functorG : modB → modA preserves projectives.
For any Gorenstein projective B-module Y and any projective resolution · · ·
d2−→ Q1
d1−→ Q0 →
Y → 0 of Y , we have ker(di) ∈ GprojB, and then DTor
B
1 (M, ker d
i) ∼= Ext1B(ker d
i,DM) ∼= 0
by Lemma 2.4 (b), since inj.dimB DM = proj.dimMB < ∞, where D = HomR(−, E) is the
duality functor. So · · ·
G(d2)
−−−→ G(P1)
G(d1)
−−−→ G(P0) → G(Y ) → 0 is a projective resolution of
G(Y ), and then Y has the property (∗) relative to G. Together with (G,F ) is an adjoint pair,
Lemma 3.10 yields that
ExtkB(Y, F (A))
∼= ExtkA(G(Y ), A) = 0
for any k > 0 since G(Y ) ∈ ⊥A. Therefore, HomA(M,A) ∈ (GprojB)
⊥, and our desired result
follows directly from Theorem 3.12.

The following corollaries follow from Theorem 3.12 immediately.
Corollary 3.14. Let A and B be Artin algebras, AMB a A-B-bimodule such that M as a
left A-module projective and as a right B-module has finite projective dimension, and Λ =(
A M
0 B
)
. If proj.dimB HomA(M,A) < ∞, or inj.dimB HomA(M,A) < ∞, then Ddef (Λ)
admits a recollement relative to Ddef (A) and Ddef (B).
Corollary 3.15. Let A be an Artin algebra. Then Ddef (
(
A A
0 A
)
) admits a recollement
relative to Ddef (A) and Ddef (A).
Example 3.16. If AM is not projective, then the recollement of Gorenstein defect categories
obtained in the proof of Theorem 3.12 does not exist in general.
Let K be a field and Q be the following quiver
4
α1
((
γ1

5
α2
((
β1
hh
γ2

6
β2
hh 7
β3
oo
1
θ1
((
2
θ2 //
δ1
hh 3.
Let Λ = KQ/I where I is the ideal of KQ generated by α1β1, β1α1, α2β2, β2α2, β2β3, θ1δ1,
δ1θ1, θ2θ1, θ2γ2, γ2α1 − θ1γ1 and δ1γ2 − γ1β1. Denote by ei the idempotent corresponding to
the vertex i for 1 ≤ i ≤ 7. Set e = e1 + e2 + e3, A = eΛe and B = (1 − e)Λ(1 − e). Then
Λ =
(
A M
0 B
)
. Obviously, proj.dimAM = 1 and MB is projective.
Let Si be the simple Λ-module corresponding to i. We can view Si as the simple A-module
(resp. B-module) for 1 ≤ i ≤ 3 (resp. 4 ≤ i ≤ 7). From [12] or the Auslander-Reiten quiver
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of B, we get that the indecomposable Gorenstein projective B-modules are precisely S4 and the
string module N corresponding to the string 5
α2−→ 6. j!(S4) (resp. j!(N)) is the string module
corresponding to the string 4
γ1
−→ 1 (resp. 2
γ2
←− 5
α2−→ 6).
Suppose for a contradiction that the recollement of Gorenstein defect categories obtained in
the proof of Theorem 3.12 exists. Then both i!j!(S4) = S1 and i
!j!(N) = S2 are in 〈Gproj(A)〉.
Since S3 is projective, all the simple A-modules are in 〈Gproj(A)〉. Since the thick subcategory
of Db(A) consisting of all the simple A-modules is Db(A), we get that Db(A) = 〈Gproj(A)〉,
which implies that A is Gorenstein. However, it is easy to check that A is not Gorenstein, which
yields a contradiction.
Example 3.17. Even though AM and MB are projective, if HomA(M,A) /∈ (GprojB)
⊥, or
in particular, neither proj.dimB HomA(M,P ) < ∞ nor inj.dimB HomA(M,P ) < ∞ for some
indecomposable projective A-module P , then the recollement of Gorenstein defect categories ob-
tained in the proof of Theorem 3.12 does not exist in general.
Let K be a field and Q be the quiver as in Example 3.16. Let Λ = KQ/I where I is the ideal
of KQ generated by α1β1, β1α1, α2β2, β2α2, β2β3, θ1δ1, δ1θ1, θ2θ1, γ2α1−θ1γ1 and δ1γ2−γ1β1.
Denote by ei the idempotent corresponding to the vertex i for 1 ≤ i ≤ 7. Set e = e1 + e2 + e3,
A = eΛe and B = (1 − e)Λ(1 − e). Then Λ =
(
A M
0 B
)
. Obviously, AM and MB are
projective.
Keep the notations as in Example 3.16. Then the indecomposable Gorenstein projective B-
modules are precisely S4 and the string module N . j!(S4) (resp. j!(N)) is the string module
corresponding to the string 4
γ1
−→ 1 (resp. 3
θ2←− 2
γ2
←− 5
α2−→ 6).
Easily, A is representation-finite, and from its Auslander-Reiten quiver, we get that
Ext2B(S4,HomA(M, AP2)) = Ext
2
A(M ⊗B S4, AP2) = Ext
2
A(AS1, AP2) 6= 0,
where AP2 is the indecomposable projective A-module corresponding to the vertex 2, and AS1 is
the simple A-module corresponding to the vertex 1. So HomA(M,A) /∈ (GprojB)
⊥.
Suppose for a contradiction that the recollement of Gorenstein defect categories obtained in
the proof of Theorem 3.12 exists. Then i!j!(S4) = AS1 and i
!j!(N) satisfy that both of them are
in 〈Gproj(A)〉, where i!j!(N) is the string module with its string 3
θ2←− 2. Since S3 is projective,
similar to Example 3.16, it is easy to see that all the simple A-modules are in 〈Gproj(A)〉, which
implies that A is Gorenstein. However, A is not Gorenstein, which yields a contradiction.
4. Application: simple gluing algebras
In this section, let us consider a special kind of triangular matrix algebras. We always assume
that K is a field. Let A = KQA/IA and B = KQB/IB be two finite-dimensional bound quiver
algebras. Fix vertices v1, . . . , vm ∈ QA, w1, . . . , wn ∈ QB for some integers m,n > 0. We define
a new quiver Q from QA and QB by adding aij (aij ≥ 0) arrows from wj to vi for any 1 ≤ i ≤ m,
1 ≤ j ≤ n. In this way, we can view QA and QB as the full subquivers of Q, and call Q a simple
gluing quiver of QA and QB . Let I = 〈IA, IB〉, and Λ = KQ/I. Then Λ is finite-dimensional,
and we call Λ a simple gluing algebra of A and B.
r r✲
w1 v1
a11
QB QA
Figure 1. Simple gluing quiver of QA and QB
for the case m = 1 = n.
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For a simple gluing algebra Λ of A and B, obviously, Λ =
(
A M
0 B
)
with AM and MB
projective. So we get the Gorenstein property of Λ by the following general result.
Lemma 4.1 ([10]). Let A and B be two Gorenstein algebras, AMB an A-B-bimodule such that
AM and MB are projective, and Λ =
(
A M
0 B
)
. Then Λ is Gorenstein. In particular, if
GdA 6= GdB, then Gd(Λ) = max{GdA,GdB}; otherwise, Gd(Λ) ≤ GdA+ 1.
Proof. The proof of this lemma is similar to [10, Theorem 3.3], we omit it here. 
By [25, Theorem 2.5], we get the following recollement:
Dsg(A)
i˜∗ // Dsg(Λ)
i˜!
oo
i˜∗oo
j˜∗
// Dsg(B) (∗)
j˜∗
oo
j˜!oo
where i˜∗, i˜∗, i˜
!, j˜!, j˜
∗ and j˜∗ are induced by the six structure functors in Theorem 3.4.
For simple gluing algebra Λ, it is worth noting that all the six functors i∗, i∗, i
!, j!, j
∗, j∗ are
exact functors. In fact, i∗ = A⊗Λ −, together with that A is projective as Λ-module, it is easy
to see that i∗ is exact; Since MB is projective, we get that G = M ⊗B − is exact, from the
definition of j!, it is easy to see that j! is exact.
Proposition 4.2. Let Λ be a simple gluing algebra of A and B. Then
Dsg(Λ) ≃ Dsg(A)
∐
Dsg(B).
Proof. For any Λ-module Z, by the recollement (∗), there exists a triangle in Dsg(Λ):
(3) j˜!j˜
∗Z → Z → i˜∗ i˜
∗Z → j˜!j˜
∗Z[1],
where [1] is the suspension functor.
First, for any Y ∈ mod(B), let (Yi, Yα) be the corresponding representation of B. It is easy
to see that
M ⊗B Y =
n⊕
j=1
(
m⊕
i=1
P
⊕aij dimYwj
vi ) ∈ projA,
where Pvi is the indecomposable projective A-module corresponding to the vertex vi. So
i!j!(Y ) = i
!(
(
M ⊗B Y
Y
)
) =M ⊗B Y,
which is projective. Then i˜!j˜! = 0 since modB is a generator of D
b(B) and i!, j! are exact
functors.
For (3), by the recollement (∗), we know that (˜i∗, i˜
!) is an adjoint pair, and then
HomDsg(Λ)(˜i∗ i˜
∗Z, j˜!j˜
∗Z[1]) ∼= HomDsg(A)(˜i
∗Z, i˜!j˜!j˜
∗Z[1]) = 0,
which implies that Z ∼= j˜!j˜
∗Z ⊕ i˜∗ i˜
∗Z. In particular, from the above, we also get that
HomDsg(Λ)(Im i˜∗, Im j˜!) = 0.
On the other hand, it is easy to see that HomDsg(Λ)(Im j˜!, Im i˜∗) = 0 by the definition of recolle-
ment. So Dsg(Λ) ≃ Im i˜∗
∐
Im j˜! and then
Dsg(Λ) ≃ Dsg(A)
∐
Dsg(B),
since i˜∗, j˜! are full embeddings. 
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Note that we can view Gproj(Λ) as full subcategory of Dsg(Λ) by Buchweitz’s Theorem for
any Artin algebra Λ, parallel to the above, we get the following lemma.
Lemma 4.3. Let Λ be a simple gluing algebra of A and B. Then
Gproj(Λ) ≃ Gproj(A)
∐
Gproj(B).
Furthermore, for any indecomposable Λ-module Z, Z is Gorenstein projective if and only if there
exists an indecomposable Gorenstein projective A-module X or B-module Y such that Z ∼= i∗(X)
or Z ∼= j!(Y ).
Proof. From the proof of Proposition 3.6, we get that i∗, i∗, j!, j
∗ preserve Gorenstein projective
modules, so these functors induce triangulated functors on the stable categories of Gorenstein
projective modules, which we also denote by i˜∗, i˜∗, j˜!, j˜
∗. For any Gorenstein projective Λ-module(
X
Y
)
φ
, we have that φ : M ⊗B Y → X is monic, coker φ ∈ GprojA,Y ∈ GprojB. So there
exists a triangle in Gproj(Λ)
(4)
(
M ⊗ Y
Y
)
id
→
(
X
Y
)
φ
→
(
coker φ
0
)
0
f
−→
(
M ⊗ Z
Z
)
id
,
where Z is a Gorenstein projective B-module such that there is an exact sequence 0 → Y →
QY → Z → 0 with QY a projective B-module and Z ∈ Gproj(B). Similar to the proof of
Proposition 4.2, we get that f = 0 in Gproj(Λ), and so (4) splits, which implies that
(
X
Y
)
φ
∼= j˜!j˜
∗(
(
X
Y
)
φ
)⊕ i˜∗ i˜
∗(
(
X
Y
)
φ
).
Furthermore, similar to the proof of Proposition 4.2, we get that
HomGproj(Λ)(Im i˜∗, Im j˜!) = 0 = HomGproj(Λ)(Im j˜!, Im i˜∗),
so Gproj(Λ) ≃ Im i˜∗
∐
Im j˜! and then
Gproj(Λ) ≃ Gproj(A)
∐
Gproj(B),
since i˜∗, j˜! are full embeddings.
For the last statement, first, for any indecomposable projective Λ-module Ui corresponding
to the vertex i, if i ∈ QA, then it is easy to see that i∗(Pi) = Ui, where Pi is the indecomposable
projective A-module corresponding to the vertex i; otherwise, j!(Qi) = Ui, where Qi is the
indecomposable projective B-module corresponding to the vertex i.
Second, for any indecomposable non-projective Gorenstein projective Λ-module Z, from
Gproj(Λ) ≃ Im i˜∗
∐
Im j˜!, it is either in Im i˜∗ or in Im j˜!. Since i∗ and j! preserve projec-
tive modules and are full embeddings by Lemma 3.1, it is routine to check that there exists
an indecomposable Gorenstein projective A-module X or B-module Y such that Z ∼= i∗(X) or
Z ∼= j!(Y ). 
Now we get the main result of this section.
Theorem 4.4. Let Λ be a simple gluing algebra of A and B. Then
Ddef (Λ) ≃ Ddef (A)
∐
Ddef (B).
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Proof. From Proposition 4.2 and Lemma 4.3, we get that
Dsg(Λ) ≃ Dsg(A)
∐
Dsg(B), and Gproj(Λ) ≃ Gproj(A)
∐
Gproj(B).
In particular, both of the two equivalences are induced by the same functors i∗, j!, so they are
compatible, which implies the result by the definition of Gorenstein defect category immediately.

Example 4.5. For triangular matrix algebra Λ =
(
A M
0 B
)
. Even though M is projective
both as left A-module and as right B-module, in general, we do not have
Dsg(Λ) ≃ Dsg(A)
∐
Dsg(B), or Gproj(Λ) ≃ Gproj(A)
∐
Gproj(B).
Let Λ = KQΛ/IΛ, where QΛ is the quiver as Figure 2 shows, and IΛ = 〈ε
2
1, ε
2
2, ε1α − αε2〉.
Let A = e1Λe1 and B = e2Λe2 where ei is the idempotent corresponding to the vertex i for
i = 1, 2. Then Λ is of form
(
A M
0 B
)
with M projective both as left A-module and as right
B-module. Then all these algebras are Gorenstein algebras. It is easy to see that Dsg(A) ≃
Dsg(B) = mod(K[X]/〈X
2〉), and Dsg(Λ) ≃ D
b(KQ)/[1], where Q is a quiver of type A2, and
[1] is the suspension functor, see [32]. However, Dsg(Λ) is not equivalent to Dsg(A)
∐
Dsg(B).
1✛α 2
✠ ✠
ε1 ε2
Figure 2. The quiver QΛ in Example 4.5.
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